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Abstract 

We study a coupled system of controlled stochastic differential equations (SDEs) 
driven by a Brownian motion and a compensated Poisson random measure, consisting 
of a forward SDE in the unknown process X{t) and a predictive mean-field backward 
SDE (BSDE) in the unknowns Y{t), Z{t), K{t, ■). The driver of the BSDE at time 
t may depend not just upon the unknown processes Y{t), Z(t), K{t, ■), but also on 
the predicted future value Y{t 6), defined by the conditional expectation A{t) := 

E[Y{t + 5)\Tt]. 

We give a sufficient and a necessary maximum principle for the optimal control of such 
systems, and then we apply these results to the following two problems: 

(i) Optimal portfolio in a financial market with an insider influenced asset price process. 

(ii) Optimal consumption rate from a cash flow modeled as a geometric Ito-Levy SDE, 
with respect to predictive recursive utility. 


1 Introduction 

The purpose of this paper is to introduce and study a pricing model where beliefs about the 
future development of the price process influence its current dynamics. We think this can be 
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a realistic assumption in price dynamics where human psychology is involved, for example 
in electricity prices, oil prices and energy markets in general. It can also be a natural model 
of the risky asset price in an insider influenced market. See Section 5.1. 

We model such price processes as backward stochastic differential equations (BSDEs) driven 
by Brownian motion and a compensated Poisson random measure, where the coefficients 
depend not only of the current values of the unknown processes, but also on their predicted 
future values. These predicted values are expressed mathematically in terms of conditional 
expectation, and we therefore name such equations predictive mean-field equations. To the 
best of our knowledge such systems have never been studied before. 

In applications to portfolio optimization in a hnancial market where the price process 
is modeled by a predictive mean-field equation, we are led to consider coupled systems of 
forward-backward stochastic differential equations (FBSEDs), where the BSDE is of predic¬ 
tive mean-held type. In this paper we study solution methods for the optimal control of such 
systems in terms of maximum principles. Then we apply these methods to study 

(i) optimal portfolio in a hnancial market with an insider influenced asset price process. 
(Section 5.1), and 

(ii) optimal consumption rate from a cash how modeled as a geometric Ito-Levy SDE, with 
respect to predictive recursive utility (Section 5.2). 

2 Formulation of the problem 

We now present our model in detail. 

Let B{t) = B{t,u); {t,u) G [0, cxd) x and N{dt,d() = N{dt,d() — i>{dQ)dt be a Brow¬ 
nian motion and an independent compensated Poisson random measure, respectively, on 
a hltered probability space (r2,E,F = P) satisfying the usual conditions. We con¬ 

sider a controlled system of predictive (time-advanced) coupled mean-held forward-backward 
stochastic diherential equations (FBSDEs) of the form (T > 0 and h > 0 are given constants) 

• Forward SDE in X{t)-. 

'dX{t) = dX'^it) = b{t,X{t),Y{t),A{t),Z{t),K{t,-),u{t),u)dt 
+a{t, X{t), Y{t), A{t), Z{t),K{fi ■),u{t),u)dB{t) 

+ lR 7 ii^^ii)^^it)^Mt)^Z{t),K{t,-),u{t),C,(^)N{dt,dC) ; t e [ 0 ,r] 

^X(O) =xeM 

• Predictive BSDE in Y{t), Z{t), K{t)-. 

(dY{t) = -g(t, X{t),Y{t), A{t),Z{t), K{t, ■),u{t),uj)dt + Z{t)dB{t) 

I +/,/r(t.c)iV(A,dC); «e|0.r) ( 2 . 1 ) 

[y(T) ^h(X{T),u,). 

We set 

Y{t)-.= L- te(T,T + 5], (2.2) 
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where L is a given bounded J^-measurable random variable, representing a ” cemetery” 
state of the process Y after time T. The process A{t) represents our predictive mean- 
field term. It is dehned by 

A{t) ■.= E[Y{t + 6) I Et] ;te[0,T]. (2.3) 


Here TZ is the set of functions from Mq •= ®\{0} M, h{x,uj) is a function (with 
respect to x) from M x hi into M such that h{x, •) is J^-r-measurable for all x, and 

g ■. [0,T]xMxMxMxMx7?.xI[Jxn— 

is a given function (driver) such that g{t,x,y,a,z,k,u,-) is an F-adapted process for all 
x,y, a, z E M., k E TZ and m G U, which is the set of admissible control values. The process 
u{t) is our control process, assumed to be in a given family A = Ag of admissible processes, 
assumed to be cadlag and adapted to a given subhltration G = {Gt}t>o of the hltration F, i.e. 
Qt ^ ZFt for all t. The sigma-algebra Qt represents the information available to the controller 
at time t. 

We assume that for all m G ^ the coupled system fl2.ip - fl2.3p has a unique solution 
X{t) = X^{t) E L‘^{m X P),F(t) = Y^{t) E L‘^{m x P),A{t) = H“(t) G L‘^{m x P),Z{t) = 
Z'^(t) E Lfi{m X P),K{t,() = ^ Lfi{rn x v x P), with X{t),Y{t),A(t) being cadlag 

and Z{t), K{tX) being predictable. Here and later m denotes Lebesgue measure on [0,T]. 


To the best of our knowledge this system, fl2.ip - fl2.3p . of predictive mean-field FBSDEs 
has not been studied before. However, the predictive BSDE fl2.ip - fl2.3p is related to the 
time-advanced BSDE which appears as an adjoint equation for stochastic control problems 
of a stochastic differential delay equation. See |0SZ2] and the references therein. 

The process A{t) models the predicted future value of the state Y at time t + 5. Therefore 
(I2.ip - (l2.3p represent a system where the dynamics of the state is influenced by beliefs about 
the future. This is a natural model for situations where human behavior is involved, for 
example in pricing issues in hnancial or energy markets . 

The performance functional associated to w G ^ is dehned by 


J{u) = E 


fit, Xit),Yit),Ait),uit),u)dt + ipiXiT),u) + fiiYiO)) 


Uo 


(2.4) 


where / : [0,T]xMxMxUxr2—)-M, (piMxD—)-M and -0 : M —)■ M are given functions, 
with fit,x,y,a,u,-) being F-adapted for all x, y, a G M, m G U. We assume that <pix,-) is 
J-jr-measurable for all x. 

We study the following predictive mean-held stochastic control problem: 


Problem Find u* E A such that 


sup J(m) = J(m*). (2.5) 

uGA 
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In Section |3] we give a sufficient and a necessary maximum principle for the optimal control 
of forward-backward predictive mean-field systems of the type above. 

An existence and uniqueness result for predictive mean-held BSDEs is given in Section 

il 

Then in Section |5] we apply the results to the following problems: 

• Portfolio optimization in a market where the stock price is modeled by a predictive 
mean-held BSDE, 

• Optimization of consumption with respect to predictive recursive utility. 


3 Solution methods for the stochastic control problem 

3.1 A sufficient maximum principle 

For notational simplicity we suppress the dependence of u in f,g, h, ip and in the sequel. 
We hrst give sufficient conditions for optimality of the control u by modifying the stochastic 
maximum principle given in, for example, |0S2] . to our new situation: 

We dehne the Hamiltonian iP:[0,r]xMxRxMxMx7?.xI[JxMxRxMxM)— 
associated to the problem (12.51) by 

Hit, X, y, a, k, u, p, q, r. A) = f{t, x, y, a, u) + h{t, x, y, a, z, k, u)p + a{t, x, y, a, k, u)q 

+ / 'y{t,x,y,a,z,k,u,C)N{dt,dC) + g{t,x,y,a,z,k,u)X. (3.1) 
Jm. 

We assume that /, 6 , a, 7 and g, and hence H, are Frechet diherentiable ((7^) in the 
variables x, y, a, z, k, u and that the Frechet derivative VkH of H with respect to A: G 7^ as a 
random measure is absolutely continuous with respect to z/, with Radon-Nikodym derivative 

— p -—. Thus, if CVkH,h) denotes the action of the linear operator on the function 

dp 

h eTZ we have 


{VtH, h)= f HOdVtHlQ = f (3.2) 

Jm Jr dp{Q 

The associated backward-forward system of equations in the adjoint processesp{t), q{t), r{t), X(t) 
is dehned by 

• BSDE in p{t),q{t),r{t): 

I dp{t) = -^iJ)dt + q{t)dB{t) + j r{t, C)N{dt, dQ ; 0 < t < T 
L(T) =p'{X{T)) + X{T)h'{X{T)y 
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SDE in A(t): 


= {H W + “ ^)X[5,T](^)} dt + ^{t)dB{t) 

^ C)iV(dt, dC); 0 < t < T (3.4) 

Jm. 

_A(0) =V’'(l-(0)), 

where we have used the abbreviated notation 

H{t) = H{t,X{t),Y{t),A{t),Z{t),K{t, ■),u{t),p{t), q{t), r(t), A(t)). 

Note that, in contrast to the time advanced BSDE fl2.ip - fl2.3l) . fl3.4p is a (forward) stochastic 
differential equation with delay. 

Theorem 3.1 (Sufficient maximum principle) Let u & A with corresponding solution 
X{t),Y{t),A{t),Z{t),K{t,-),p{t),q{t),rit),K'^) of (12.II) - (12.31) . fl3.3p - fl3.4p . Assume the fol¬ 
lowing: 


A(T) > 0 (3.5) 

• For all t, the functions 

X h{x),x <p{x),x fj^x) and 
(x, y, a, z, k, u) H{t, x, y, a, z, k, u,p{t), g(f), r(t), A(t)) 
are concave (3.6) 

• For all t the following holds, 

(The conditional maximum principle) 

ess supE[H{t,X{t),Y{t), A{t), Z{t),k{t, •), x, \{t),p{t),q{t),r{t, •)) | Gt] 

v&V 

= E[H{t, X{t), Y{t),A{t),Z{t), k{t, •), h(t), A(f),p(f), q{t)A{t, •)) \Gt];te [0, T] 

(3.7) 


dVkHjt ,.) 

du 


< oo for all t G [0, T]. 


Then u is an optimal control for the problem fl2.5p . 


(3.8) 
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Proof. By replacing the terminal time T by an increasing sequence of stopping times 
converging to T as n goes to infinity, and arguing as in [0S2| we see that we may assume 
that all the local martingales appearing in the calculations below are martingales. 

Much of the proof is similar to the proof of Theorem 3.1 in 0S2j . but due to the predictive 
mean-held feature of the BSDE fl2.1l) - fl2.3p . there are also essential differences. Therefore, 
for the convenience of the reader, we sketch the whole proof: 

Choose u E A and consider 


J{u) — J{u) — Ii + I 2 + Izi 


(3.9) 


uo 


with 

/,:=£;[/{/(«)-/(()} dt, h-.= E\ip(X{T))-v(X(T))], h := ,l,(Y(0)) - ,l,(Y(0)), 

. . (3-10) 

where f{t) = f{t,Y{t),A{t),uit)) ^fc., and Y{t) = Y^{t) is the solution of fl2.1l) - fl2.3p when 
u = ii, and A{t) = E[Y{t) \ Et]- 
By the dehnition of H we have 

dT r 


h = E 


{H{t) - H{t) - p{t)b{t) - q{t)a{t) - / f{t,Ch{t,C)^{dC) - Kt)9{t) 


Uo 


, (3.11) 


where we from now on use the abbreviated notation 


H{t) = Hit, Xit), Yit), Ait), Zit),Kit, ■),uit),\it)) 

Hit) = Hit, X(t), y(t). Ait), zit),kit, ■),uit),Xit)) 

and we put 

bit) := bit) - bit), 

and similarly with Xit) := Xit) — Xit), Yit) := Yit) — Yit), Ait) := Ait) — Ait), etc. 
By concavity of <p, fl3.4l) and the ltd formula, 

h < El<p'(X(,T))X(,T)] 

= Elp(T)X(T)] - El\(T)h'(X(T)}X(T)] 


= I E 

cT 


Pit )dXit) + Xit )dpit) -|- / qit)ait)dt 


uo 


+ 


'0 


= E 


rit,C)jit,C)i^idC)dt 


Pit)bit)dt + / Xit) 


- E[XiT)h'iXiT))XiT)] 
dH 


dx 


it) dt 


/ qit)dit)dt 
Jo Jo Jr 

E[XiT)h\XiT))XiT)]. 


rit,07{t,C)iyidC)dt 


(3.12) 
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By concavity of V’ and /i, fl3.5p and the ltd formula we have 


< E 


^P\Y{0))Y{0) = E[X{0)Y{0)] 


= E[X{T)Y{T)] - E 


X{t)dY{t)+ / Y{t)dX{t)+ / d[Y,X]{t) 


Uo 


= E[X{T){h{X{T))-h{X{T)))]-E 


X{t)dY{t)+ / Y{t)dX{t) + 


uo 


< E[X{T)h'{X{T))X{T)] + E 

rT Qfy rT 


X{t)g{t)dt+ / Y{t) 


dH dH 


dz 


{t)Z{t)dt + 


dVkH 

dv 


{t,C)K{t,C)T^{dC)dt 


Adding fl3.lip . fl3.12p and fl3.13p we get, by (13.4p . 
J{u) - J{u) = h + h + h 
< E 


m - Hit) - ^xit) - 

ax ay 


— it - 6)xis,T]it)Yit) - -^{t)Zit) -{VkHit, ■),Kit, •)) \dt 


Note that, since y(s) — y(s) — L for s e {T,T + <5] by (I'i.lll . we get 



1 

1 


dH, 

E 


= E 

1 


= E 

1 

- 

1 _ 1 

— is)Yis + 6)\Es 

dt 



= E 

pT — S fifJr -1 

_(s)ii;[y(s + h) 1 

ds 

= E 

' r dH. 

Jo 


dlY, A|(t) 

-'5)X|S,T|(t) dt 
(3.13) 


(3.14) 


(3.15) 


7 








































Substituted into fl3.14p this gives, by concavity of H, 


J{u) — J{u) — Ii + I 2 + Iz 
< E 


T \ f)M BM 

Hit) - m - ^iX{t) - X{t)) - ^{Y{t) - Y{t)) 


0 


dx 

dH 


dy 


-{VkHit,-),iK{t,-)-k{t,-))\dt 


< E 


= E 


dH 

— (t)(M(t) - u{t))dt 


E[^it)\Qt]iuit) - u{t))dt 


< 0 , 


(3.16) 


since u = u{t) maximizes E[H{t)\Qi]. 


□ 


3.2 A necessary maximum principle 

We proceed to prove a partial converse of Theorem 13.11 in the sense that we give necessary 
conditions for a control u to be optimal. In this case we can only conclude that u{t) is a 
critical point for the Hamiltonian, not necessarily a maximum point. On the other hand, we 
do not need any concavity assumptions, but instead we need some properties of the set A of 
admissible controls, as described below. 

Theorem 3.2 (Necessary maximum principle) 

Suppose u G A with associated solutions X ,Y, Z, K ,p, q,fA of fl2.ip - fl2.3p and fl3.3p - 
(I3.4p . Suppose that for all processes f3{t) of the form 


^t) := xito,T]it)a, (3.17) 

where to £ [0)^) ond a = a{u) is a bounded Qto-'OT'Oasurable random variable, there exists 
5 > 0 such that the process 


u{t) + r/3(t) G A for all r E [—5, 5]. 

We assume that the derivative processes defined by 

x{t) = x^{t) = ^X^+^f^{t) \r=o, (3.18) 

dr 

y{t) = yP{t) = ^Y^+^\t) |,=o, (3.19) 

dr 















a{t) = a9{t) = |,=o, 

dr 

(3.20) 

z(t) = zd{t) = 

(3.21) 

kit) = kd(t) = 4A-+'-^(t) 

dr 

(3.22) 


exist and belong to L‘^{m x P), L‘^{m x P), L‘^{m x P), and L‘^{m x P x p), respectively. 
Moreover, we assume that x{t) satisfies the equation 

^ ^ (Vfcfe, fc(t, •)) + ^{t)/3{t)'^ dt 

^ ^ ^ ^ ^ (Vfc(J, A;(t, •)) + |^(f)/?(f) | dS(t) 

+ J O^it) + |^(t, C)?/(t) + |^(t, C)a(^) + C)^(^) + (Vfe7(t, C), fc(^, •)) 

+^(t,C)m^ N{dt,dO ; te[0,T] 

^x(O) = 0 

(3.23) 

and that y{t) satisfies the equation 

'<*!'(*) = - {&t)Xt) + |(«)!/(t) + t(()a(i) + t (t)4() + (V,<?(i). k(t. ■)) + 

^ +z{t)dB{t) + k{t, ()N{dt, dQ ] 0 < t < T 

y{T) =h'{X{T))x{T) 

^y{t) =0; T<t<T + S, 

(3.24) 


where we have used the abbreviated notation 
^9 / \ ^ / 1 \ 

\t) ''Q^9\d'i^iyi^i^i^i^)x=X{t),y=Y{t),a=A(t),z=Z{t),k=K{t),u=u{t) (itc. 


Then the following, (i) and (ii), are equivalent: 


(i) -^J(u + rj3)r=o = 0 for all fi of the form fl3.17p 
dr 

(ii) ^i7[i/(t,F(t),i(t),Z(t),i^(t),^i,A(t)),=^(,)|6;i] = 0, 

where {Y, A, Z, K, A) is the solution of fl2.1l) . fl2.3p and 03.41) corresponding to u = u. 


Proof. As in Theorem 3.1, by replacing the terminal time T by an increasing sequence of 
stopping times converging to T as n goes to inhnity, we obtain as in 0S2j that we may 
assume that all the local martingales appearing in the calculations below are martingales. 
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The proof has many similarities with the proof of Theorem 3.2 in |0S2| , but since there are 
some essential differences due to the predictive mean-held term, we sketch the whole proof. 
For simplicity of notation we drop the hats in the sequel, i.e. we write u instead of u etc. 

(i) (ii): We can write —J{u + rj3) |r=o= h + I 2 + h, where 

dr 


L-'o 


h = ^E 
dr 

h = T|^(x“+-'^(r))]„„ 


fit, u(f) + rl3it))dt 


r=0 


By our assumptions on / and we have 

h = 


(t)x(f) + ^it)yit) + ^it)ait) + ^it)zit) + (Vfc/(f, •), •)) + ^it)f3it) } dt 


L^o 


dx 


dy 


da 


dz 


and 


h = Ey(X(T)x(T)] = E\j,(T)x(T)] 
h = ?i'(y(0))|,(0) = A(0)!,(0). 


du 

(3.25) 

(3.26) 

(3.27) 
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By the Ito formula and fl3.23l) 


h = E[p{T)xiT)] = E 

rT 


p{t)dx{t) + / x{t)dp{t) + / d\p,x\{t) 




= E 




IJO 

+ ^W/^(^) }dt+ I x{t) 
da 


dH 


dx 


{t) ]dt+ q{t) 


dx 


{t)x{t) 


+ 


ay +1 +1 + (V.-W, kit ,.)) +1(()/?(() ^ at 

''^ ^ [^7/4. , ^7/4 A\ /4\ , ^7/4 A\„/4\ , 


C) C)a;(t) + Oy{t) + —{t, C)a{t) + —{t, c)z{t)+ < Vfc 7 (t, C), •) > 




= E 


L^o 




db da 

/■^ , , f 96 , . , . da, 

+ / ^ 7r(^)p(^) + Tr(^)9(^) + 


97 
„ 9a; 

97 


9?/ 

db 


dy 

da 


dy 

d'j 


it,Or{tX)’zidC) >dt 


+ / ^ + Tr(^)?(^) + / ^(^:C)^(f,C)i^(c^C) 


9a 

96 


9a 

9a 


9a 

97 




92 ; 


92 : 


92 ; 


+ 

= E 


/ (A:(6, •), Vfc6(t)p(6) + Vfca(6)g(6) + / Vkl{t,C)r{t,C)i^{dC))i'{dC)dt 

Jr Jr 

^i'^) I-^i^) - dt + [ y{t)l^{t)-%{t)-X{t)^{t)'>dt 


Lao 


dx 


dx 




9a 


9a 


9a 


dy dy dy 

dH, , df 


92 : 


A:(t, C){Vfcif(t) - Vfc/( 6 ) - A( 6 )Vfcr?( 6 )}z/(dC)f^t 


+ f I dt 


= -h-E 


du 

■T 


du 


du 


Lao 


dy, 


+ (Vfc5'(t), k{t, ■)) + -^{t)/d{t) } dt 


E 


rT ( p\TJ pjTT p\ZJ 

^it)yit) + ^it)zit) + (VkHit), k{t, •)) + ^(t)/3(t) } dt 


Lao 


dy 


dz 


du 


(3.28) 
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By the Ito formula and fl3.24l) . 


h = A(0)?/(0) = E 
= E[X{T)y{T)] 
^E 


KT)y{T) 


X{t)dy{t)+ y{t)dX{t)+ d[X,y]{t) 




Uo 


dy 

dg, 


da 


dz 


-{^k9{t),k{t, •)) - r 


dH 


dH 


dH 


+ I yit)^it)dt + y{t) — {t-S)x[5,T]it)dt+ I z(t) — {t)dt 


dy 


dz 


k{t,0^kH{t,CHdC)dt 


Adding fl3.25p . f|3.28|) and fl3.29p and using that 


dH 


'•T-S 


dH 


E[ y{t) — {t-6)x[5,T]dt] = E[ y{s + 6) — {s)ds] 


da 


da 

pT ari pT ^tt 

= E[I —is)E[y{s + S)\Es]ds] = E[l y{t) — {s)a{s)ds], 


we get 


A 

dr' 



' r dH , ^ ^ 

r=0— h + I 2 — E 



We conclude that 


if and only if 


■^J(u + r/3) 1^=0= 0 
dr 


(3.29) 


(3.30) 


E 



dH 

du 


{t)(3{t)dt 


0 for all bounded f3 G Ag of the form fl3.17|) . 


Since this holds for all such jd, we obtain that if (i) holds, then 

dt = 0 for all to G [0, T). 



1- 

<tc 

/ 

ho 

du 


(3.31) 


dH 

Differentiating with respect to to and using continuity of we conclude that (ii) holds. 

du 

(ii) ^ (i); This is proved by reversing the above argument. We omit the details. □ 
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4 Existence and uniqueness of predictive mean-field 
equations 

In this section we study the existence and uniqueness of predictive mean-held BSDEs in the 
unknowns Y(t), Z{t), K{t, C) of the form 


r dY{t) = -g{t,Y{t),A{t),Z{t),K{t,-),u)dt +Z{t)dB{t) 

I +J^K{t,ON{dt,dO-, te[0,T) (4.1) 

= L; te[T,T + 6]; 6>0^xed, 


where L G L‘^{P) is a given J^T’-measurable random variable, and the process A{t) as before 
is dehned by 

A{t) = E[Y{t + 5) I Et] ; t e [0,T]. (4.2) 


To this end, we can use the same argument which was used to handle a similar, but different, 
time-advanced BSDE in |0SZ2 . For completeness we give the details: 


Theorem 4.1 Suppose the following holds 

E[ [ g'^(t, 0, 0, 0, 0)(if] < cx) (4.3) 

Jo 

There exists a constant C such that 

\g{t,yi,ai,zi,ki) - ^(t, ?/2, ^2, 2^2, ^2)! < C'(|?/i - 2/2I + ki - 2:2! + ( / |fci(C) - k2{Q\'^i'{dQ)^) 

Jr 

(4.4) 

for all t G [0, T], a.s. Then there exists a unique solution triple {Y{t), Z{t), K{t, C)) of fl4.1|) 
such that the following holds: 

{ Y is cddldg and E'[supig[o^r] T^(f)] < 00 , 

Z,K are predictable and E[J^{Z‘^(t) -|- J^K‘^{tX)i^{d()}dt] < 00 . 

Proof. We argue backwards, starting with the interval [T — 6, T]: 

Step 1. In this interval we have A{t) = E[L\Et] and hence we know from the theory of 
classical BSDEs (see e.g. EI.ED and the references therein), that there exists a unique 
solution triple (Y{t), Z(t), K{t, ()) such that the following holds: 


{ Y is cadlag and E'[supig[2’_ -S,T] < OO) 

Z,K are predictable and E[J^_XZ‘^(t) -k f^K‘^{t,C)T^{dQ}df\ < 00 . 

Step 2. Next, we continue with the interval [T — 26,T — 6]. For t in this interval, the value 
of y(f -k h) is known from the previous step and hence A{t) = E[Y{t + ^)|.T)] is known. 
Moreover, by Stepl the terminal value for this interval, Y{T — 6), is known and in L‘^{P). 
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Hence we can again refer to the theory of classical BSDEs and get a unique solution in this 
interval. 

Step n. We continue this iteration until we have reached the interval [0, T — n6], where n is 
a natural number such that 


T — (n + 1)5 < 0 < T — n5. 

Combining the solutions from each of the subintervals, we get a solution for the whole 


interval. 


□ 


5 Applications 

In this section we illustrate the results of the previous sections by looking at two examples. 

5.1 Optimal portfolio in an insider influenced market 

In the seminal papers by Kyle |K] and Back [B] it is proved that in a hnancial market 
consisting of 

• noise traders (where noise is modeled by Brownian motion), 

• an insider who knows the value L of the price of the risky asset at the terminal time 
t = T and 

• a market maker who at any time t clears the market and sets the market price, 

the corresponding equilibrium price process (resulting from the insider’s portfolio which max¬ 
imizes her expected proht), will be a Brownian bridge terminating at the value L at time 
t = T. In view of this we see that a predictive mean-held equation can be a natural model 
of the risky asset price in an insider influenced market. 

Accordingly, suppose we have a market with the following two investment possibilities: 

• A risk free asset, with unit price So(t) := 1 for all t 

• A risky asset with unit price S{t) := Y{t) at time t, given by the predictive mean-held 
equation 


dY{t) = —A{t)fi{t)dt + Z{t)dB{t); t E [0,T) 
Y{t) =L{u)- fe[T,r + 5], 


(5.1) 


where nit) = p(t, oj) is a given bounded adapted process and L is a given bounded 
J^y-measurable random variable, being the terminal state of the process Y at time T. 
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Let u{t) be a portfolio, representing the number of risky assets held at time t. We assume 
that G = F. If we assume that the portfolio is self-financing, the corresponding wealth 
process X(t) = is given by 


dX{t) = u{t)dY{t) = u{t)A{t)n{t)dt + u{t)Z{t)dB(t); tG [0,T) 

X(0) = X > 0. 


(5.2) 


Let U : [0, oo) i-G- [—oo, oo) be a given utility function, assumed to be increasing, concave 
and on (0, oo). We study the following portfolio optimization problem: 


Problem 5.1 Find u* E A such that 


sup E[U{X^{T))] = E[U{X^ (T))]. 

ueA 


(5.3) 


This is a problem of the type discussed in the previous sections, with f = 'ip = N = 
0, (p = 17 and h{x,u) = L{u), and we can apply the maximum principles from Section 3 to 
study it. 

By fl3.ip the Hamiltonian gets the form 


H(t, X, y, a, z, k, u, p, q, r, A) = uay{t)p + uzq -|- ay{t)X. 


(5.4) 


The associated backward-forward system of equations in the adjoint processes p{t), q{t), X{t) 
becomes 


BSDE in p{t),q{t): 


SDE in X{t): 


dp{t) = q{t)dB{t) ; 0 < f < T 

p(r) =(7'(A'(T)), 


(5.5) 


dX{t) = fi{t — 6)[u{t — S)p{t — h) -1- X{t — 6)]x[5,T]it)dt + u{t)q{t)dB{t) ; 0 < t < T 
A(0) = 0. 

(5.6) 


The Hamiltonian can only have a maximum with respect u if 

A{t)pi{t)p{t) + Z{t)q{t) = 0. 

Substituting this into fl5.5p we get 

J dp{t) = —9{t)p{t)dB{t) ; 0 <t <T 

\p(r) =u'{x{T)), 


(5.7) 


(5.8) 
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where 


9(i) 


(5.9) 


From this we get 


p{t) = cexp(— / 9{s)dB{s) -/ {6{s)yds) ; 0 < t < T 

Jo 2 Jo 

where the constant 

c = p(0) = E[U’(X(T)] 

remains to be determined. 

In particnlar, pntting t = T in (I5.inp we get 


U'{X{T)) = p{T) = cexp(- / e{s)dB{s) - - / {e{s)fds) 


or 


X{T) = {U')- {cexp{- / e{s)dB{s) - - / (0(s))"ds)). 


Dehne 


r(r) = exp( / e{s)dB{s) - - / {e{s)fds). 


Then by the Girsanov theorem the measure Q dehned on Bx by 


(5.10) 

(5.11) 

(5.12) 

(5.13) 

(5.14) 


dQ{uj) = r{T)dP{u) (5.15) 

is an equivalent martingale measure for the market flS.ip .Therefore, by fl5.13p . 

X = Eg[X(T)] = EliUTHceM- r ^ [(e(.s)fds))T(T}]. (5,16) 

This equation determines implicitly the value of the constant c and hence by fl5.13p the 
optimal terminal wealth X{T) = X'^* {T). To hnd the corresponding optimal portfolio u* we 
proceed as follows: 


Dehne 

Zo(f) := u\t)Z{t). (5.17) 

Then ^o(^)) is found by solving the linear BSDE 

foiA'”-(l) = 4<aigM* + Z„(t)<iB(i);; 0<t<r 

\A”-(r) = B[(C7')-‘(cexp(-/>(s)oiB(s) - l/;f(9(s))"ois))r(T)]. 

We have proved: 
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Theorem 5.1 (Optimal portfolio in an insider influenced marketj 
The optimal portfolio u* for the problem fl5.3p is given by 


u-(t) = H. (5,19) 

where Zo(t),Z{t) are the solutions of the BSDEs fl5.ip . fl5.18l) . respectively, and c and 9 are 
given by fl5.16p and fl5.9l) . respectively. 

5.2 Predictive recursive utility maximization 

Consider a cash flow X{t) = X'^{t) given by 

idX{t) = X{t)[fi{t)dt + a{t)dB{t) + Jj^j{t,C)N{dt,dC)] - c{t)X{t)dt-, te [0,T) , 

\X(0) = a: > 0. ^ ^ 

Here a{t),'j(t, Q are given bounded adapted processes, while u{t) := c(t) is our control, 
interpreted as our relative consumption rate from the cash flow. We say that c is admissible 
if c is F-adapted, c{t) > 0 and X^{t) > 0 for all t G [0, T). We put G = F. 

Let Y{t) = Y^{t),Z(t) = Z‘^{t),K{t,Cf) = K‘^{t,Cf) be the solution of the predictive 
mean-held BSDE dehned by 

f dY{t) = -{a{t)A{t) + \n{c{t)X{t))}dt + Z{t)dB{t) + K{t, C)N{dt, dC); te [0, T) 

\f(T) = 0, 

(5.21) 

where a{t) > 0 is a given bounded F-adapted process. Then, inspired by classical dehnition 
of recursive utility in |DE] . we dehne y‘^(0) to be the predictive recursive utility of the relative 
consumption rate c. 

We now study the following predictive recursive utility maximization problem: 

Problem 5.2 Find c* E A such that 

supW(O) = W*(0). (5.22) 

c&A 

We apply the maximum principle to study this problem. In this case we have f = ip = 
h = = X, and the Hamiltonian becomes 

H{t,x,y,a,z,k,u,p,q,r,X) = x[{p{t) - c)p + a{t)q + / -f{t,C)r{Oiz{dt,dC)] 

Jm. 

-|-[aa:(t)-|-Inc-|-InxjA. (5.23) 

The associated backward-forward system of equations in the adjoint processes pit), qit), A(t) 
becomes 
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BSDE in p{t),q{t): 

Mt) = -[(mW - c{t))p{t) + a{t)q{t) + + ^]dt 

+q{t)dB{t) + /jj r{t, ON{dt, dQ ] 0<t<T (5.24) 

AT) = 0 , 


SDE in X{t): 


dX{t) = a{t — 6)X{t — 6)]x[5,T]{i)^^ > 0 < t < T 

A(0) = 1. 


(5.25) 


The delay SDE fl5.25p does not contain any unknown parameters, and it is easily seen that 
it has a unique continuous solution X{t) > 1, which we may consider known. 

We can now proceed along the same lines as in Section 5.2 of A0] : Maximizing H with 
respect to c gives the hrst order condition 


c{t) = 


m 


X{t)p{t) 

The solution of the linear BSDE (I5.24p is given by 


V{t)p{t) = E[ 


mns) 

X{s) 


ds\Xt], 


where 


fdr(f) = r(f )[{p{t) - c{t))dt +a{t)dB{t) X-j^xidX)X{dt,dC)\] Q<t<T 

\r(o) = 1. 

Comparing with (I5.2np we see that 

A(t) = xr(f) ; 0 < t < T. 

Substituting this into fl5.27p we obtain 

p{t)X{t) = E[j^ A(s)(is| j;] ; 0 < t < T. 

Substituting this into fl5.26p we get the following conclusion: 


(5.26) 


(5.27) 


(5.28) 


(5.29) 


(5.30) 


Theorem 5.3 The optimal relative consumption rate c*{t) for the predictive recursive utility 
consumption problem (I5.22p is given by 


c*{t) = 


X{t) 


E[/; A(s)ds|J-i] 


; 0 < f < T, 


(5.31) 


where X{t) is the solution of the delay SDE (I5.25p . 
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